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MULTIPLICITY OF CRITICAL POINTS OF MASTER FUNCTIONS 

AND SCHUBERT CALCULUS 

PRAKASH BELKALE* S EVGENY MUKHIN ** AND ALEXANDER VARCHENKO*** ^ 


Abstract. In M7\ . some correspondences were defined between critical points of 
master functions associated to sN+i and subspaces of C[a;] with given ramification 
properties. In this paper we show that these correspondences are fact scheme theoretic 
isomorphisms of appropriate schemes. This gives relations between multiplicities of 
critical point loci of the relevant master functions and multiplicities in Schubert calculus. 
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Introduction 

In jMVj . a correspondence between the following objects was shown: 

(1) Critical points of certain master functions associated to the Lie algebra sIat+i; 

(2) Vector subspaces V C C[a;] of rank A + 1 with prescribed ramihcation at points 
of C U {cxo}. 

Let li,... ,l]\f be nonnegative integers and zi,... ,Zn distinct complex numbers. For 
s = 1,..., n, £x nonnegative integers ms(l),..., ms{N). Define polynomials Ti,...,Tn 
by the formula Tj = 11^=1 ~ The master function <I> associated to this data 

is the rational function 


N k N-1 li li+i N 
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considered on the set of points 


where 

• The numbers ti\..., tf^ are distinct; 
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• The sets , 4*^} and ..., not intersect; 

• The sets ..., and { 2 : 1 ,..., Zn} do not intersect. 

The master fnnctions considered in (1) are fnnctions <h as above. These fnnctions appear 
in hypergeometric solntions to the KZ eqnation. They also appear in the Bethe ansatz 
method of the Gandin model, where the goal is to write formnlas for singular vectors in 
a tensor product of representations of sItv+i starting from a critical point. Those Bethe 
vectors are eigenvectors of certain commuting linear operators called Hamiltonians of 
the Gandin model. We refer the reader to |Vj for a detailed discussion of these themes. 

The set of objects given by (2) are important in the study of linear series on compact 
Riemann surfaces (see EH). 

In both of the objects (1), (2) above, there is a natural notion of multiplicity. In (1), 
we can consider the geometric multiplicity of the critical scheme (see Proposition HH). 
In (2), we may view the set of such objects as the intersection of some Schubert cells in a 
Grassmannian Gr(A^+l, Cd[x]) and hence, there is an associated intersection multiplicity 
(which is in this case the same as the geometric multiplicity at the given V of the 
intersection of Schubert cells). In this paper, we show that these multiplicities agree 
(Theorems 11.71 ld.2[ and corollaries OllTll . 

One consequence of such an agreement, is that intersection numbers in Grassmanni- 
ans can be calculated from the critical scheme of master functions and vice versa. As 
indicated in jMYl, this relation provides a link via critical schemes of master functions, 
between representation theory of sW+i and Schubert calculus (see [B] for a different 
geometric approach). 

A related consequence is that the intersection of associated Schubert cells is transverse 
at V if and only if the associated critical scheme is of geometric multiplicity 1. 

A note on our methods: We show the equalities of multiplicities by using Grothendieck’s 
scheme theory. To obtain statement on multiplicities, we need to show that the corre¬ 
spondences are in fact isomorphisms of (appropriate) schemes. By Grothendieck’s func- 
torial approach to schemes, this aim will be achieved if we can replace C in |MVj by an 
arbitrary local ring A and show that the correspondences hold with objects over A. 

This requires us to develop the theory of Wronskian equations over an arbitrary local 
ring, in particular to develop criteria for solvability in a purely algebraic manner (see 
Lemma EH). We also need to revisit key arguments in jMYj and modify their proof so 
that they apply over any local ring (see Theorem EH). 

0.1. Notation. For a ring A, let A(i[x\ denote the set of polynomials with coefficients 
in A of degree < d. An element in A[x\ is said to be monic, if its leading coefficient is 
invertible. The multiplicative group of units in A is denoted by A*. 

For a ring A and elements yi,... ,yk G A, we will denote by {yi,... ,yk), the ideal 
generated by the yi in A. 

A local ring (A, m) over C is a Noetherian ring A containing C with a unique maximal 
ideal m. The residue field of the local ring is defined to be A/m. We will only consider 
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local rings containing C with residue field C. A scheme in the paper stands for an 
algebraic scheme over C. 

We denote the permutation group of the set N} by S^r. 

1. Formulation of the main result 

1.1. Some preliminaries. For a vector bundle W on a scheme X, denote by Fl(VV) — 
X the fiber bundle whose fiber over a point a: G X is the flag variety of complete 
filtrations of the fiber Wx. 

Let hF be a vector space of rank d + 1 and N, 0 < N < d, an integer. There is a 
natural exact sequence of vector bundles on the Grassmannian Gt{N + 1, W), 

The fiber of this sequence at a point V G Gr(X + 1, W) is 

0 ^ V ^ W ^ WjV 0 . 

Let JF be a complete flag on W : 

X ; {0} = Fo C Fi C .. . C Frf+i = IF . 

A ramification sequence is a sequence a of the form (oi,... ,ak) G such that Oi > 

■ ■ ■ > flfc > 0. For a ramification sequence a = (oi, 02 ,..., aw+i) satisfying ai < d — N, 
define the Schubert cell 

= {F G Gr(X + l,hF) I rk(FnF„) =£, 

d — N + i — ai<u<d — N + i + 1 — a^+i, £ = 0,..., X + 1} , 

where ao = d — N, aN +2 = 0. The cell G°(jF) is a smooth connected variety. The closure 
of G°(jF) is denoted by r2a(X). The codimension of G°(jF) is 

|a| = Oi + 02 + ... + Ow+i • 

Every N + 1-dimensional vector subspace of W belongs to a unique Schubert cell r2°(F). 

Denote by Va the pull back of V to Gr(X-f 1, W). There is the distinguished 

section of 

Fl(Va) - D:(F) 

which assigns to a point V G the complete filtration 

0 C Fd-N+l-ai n F c Fci-N+2-a2 G F C ... C Fd-N+N+l-a^+i fl F = F . 

This section may be used to partition each fiber Fl((Va)y) into Schubert cells (see def¬ 
initions in Section EH). This partition varies algebraically with F. That is, there is a 
decomposition of Fl(Va) into relative Schubert cells each of which is a locally trivial (in 
the Zariski topology) fiber bundle over (JF). 
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1.2. Schubert cells in flag varieties. Let V he a vector space of rank iV + 1, JF a 

complete flag on V and w G Sat+i. Define the Schubert cell correponding to w 

to be the subset of Fl(l/) formed by points Vi C V 2 C ... C Vjq+i = V such that there 
exists a basis Ui,..., ujy+i of V satisfying the conditions 

Vi = spauc (ui,... Ui), Ui e F^(i), i = l,...,N + l . 

It is easy to see that 

F1(K) = □ GKF) . 

■ujeSiv+i 

It is easy to see that the permutation of highest length gives the open cell in this partition 
of F1(D). 

1.3. Intersection theory in the space of functions. Let IF = Crf[a;] be the space of 
polynomials of degree not greater than d. Each point G C U cx) determines a full flag 
in IF: 

F{z) :0 = Fo{z) C Fi{z) C ... C = IF 

where for any z G C and i, Fi{z) = {x — z)‘^^^~''<C[x\ fl IF, and if 2 : = cx), then Fi{z) is 
the space of polynomials of degree < i. 

For V G Gr(iV + 1, IF) and 2 : G C U cx, there exists a unique ramiflcation sequence 
a(; 2 ) = (oi,... ,aN+i), with oi < d — N, such that V G i.^))■ The sequence is 

called the ramification sequence of V at z. 

li z E C, then this means that V has a basis of the form 

with /j( 2 :) 7 ^ 0 for i = 1,..., iV + 1. The numbers {N + 1 — i + Oi \ i = 1,..., iV + 1}, 
are called the exponents of V at ; 2 . 

If 2 ; = cx, then the condition is that V has a basis of the form /i, / 2 ,..., /v+i with 
deg fi = d — {N + l)+i — ai for i = 1,... ,N + 1. The numbers {d — (iV +1) + i — a*, \ i = 
1,..., TV + 1}, are called the exponents of F at x. 

Remark 1.1. The set of exponents of V at any point in CU {x} is a subset of {0,..., d} 
of cardinality TV + 1. 

A point G CU{x} is called a ramification point of V if a{z) is a sequence with at 
least one nonzero term. 

For a flnite dimensional subspace E C C[a;], deflne the Wronskian Wr(E) G C[a;]/C* 
as the Wronskian of a basis of E. The Wronskian of a subspace is a nonzero polynomial 
with the following properties. 

Lemma 1.2. If V F W lies in the Schubert cell Il‘^{F{z)) C Gr(TV + 1,IF) for some 
z E C, then Wr( V) has a root at z of multiplicity |a|. 

If V E Ql{F{oo)), then deg Wr{V) = (TV + l)(d - TV) - |a|. 

We will flx the following objects: 
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• A space of polynomials W = Cd[a;]; 

• A Grassmannian Gr(7V + 1, W) with the universal subbundle V; 

• Distinct points Zi,Zn on C] 

• At each point Zg, a ramification sequence a(;2s) and at cx), a ramihcation sequence 
a(cx)) so that 

(1.1) l^(^)l + l^('^)l = Gr(iV + 1,W) = {N + l){d - N). 

ze{zi,...,Zn} 

We set 

n 

S=1 

n 

Ki= n - Zs)^i=i<^N+i-i+e{zs) ^ i = l,...,N + l , 

S=1 

n 

T, = = n ^ i = 1 ,..., iv . 

s=l 

We set Kq = 1. Notice that Tj is a polynomial. 

The collection of these objects will be called the '^basic situation”. 

Remark 1.3. The following are basic facts from intersection theory in the space of poly¬ 
nomials. 

• G is a hnite scheme, its support is a hnite set. 

• In the dehnition of D, we intersected Schubert cells. We obtain the same inter¬ 
section if we intersect the closures of the same Schubert cells: 

n 

= Pi k}^(^^^){R'{Zs)) n Da(oo)(^(oo)) . 

S = 1 

Dehne FI as a pull back 

(1.2) FI--F1(V) 

TT 

Q --Gr(7V + l,l^) 

Points of FI are pairs (V, E.) where G G G and E, = {Ei Q E 2 ^ Ej^i^i = V) is 

a complete hltration of V. For G G G, there are n -|- 1 distinguished complete filtrations 
on V corresponding respectively to the flags E{zi), E(z 2 ), ■ ■ ■ ,E(zn), and jF(cx)) of W. 

Let U be the open subset of FI formed by points (V, E.) such that E, lies in the 
intersection of n -|- 1 open Schubert cells corresponding respectively to the n -|- 1 distin¬ 
guished complete hltrations on V. This condition on E, is equivalent to the statement 
that for i = 1,..., iV+ 1 and G {zi, ..., Zn}, the subspace Ei has ramihcation sequence 
(on+i- 1 + 1 ( 2 :),..., aAr+i( 2 :)) at 2 :. 
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The subset U is dense in each fiber of FI — 

Consider the subset Fl° C U formed by points (V, E,) such that for i = 1,..., iV — 1, 
the subspaces Ei C C[x] and C C[x] do not have common ramification points in 
C — {zi,..., Zn}, i.e. their Wronskians do not have common roots in C — {zi,..., Zn}. 

Lemma 1.4. FF is open and dense in each fiber ofU^Vt. 

Proof. We recall the proof from jMVj . Lemma 5.19. The requirement for Ei and to 
have common ramification at a given t G — {zj,..., Zg, oo} is at least “2 conditions”. 
Taking into account the one parameter variation of t, it is easy to see that U — Fl° is of 
codimension at least one. Hence the inclusions Fl° C H C FI are open and dense. □ 

Suppose (V, E,) G FF. Then for i = 1,..., + 1, the polynomial Wr( Ef) is divisible 

by Ki and is of degree i{d — i-\-l) — Introduce the polynomial Ui by 

the condition Wr( Ei) = Ui. The nonzero polynomial Hi is defined up to multiplication 
by a number. 

(a) If li is the degree of yi, then 

i n i 

^1.3^ li t (^d 1 “h ^ ^ ^A^+ 1 —EE (^N+l-i+e{Zs) ■ 

1=1 s=i e=i 

In particular, yN+i is of degree 0. 

(/3) The polynomial yi has no roots in the set {zi ,..., Zn}- 
The fact that Ei and have no common ramification points in C — {zi,...,Zn} 
translates to the property 

( 7 ) The polynomials yi and have no common roots. 

Set yo = 1. 

Suppose that Ui,..., mtv+i is a basis of V such that for any i = 1,..., N, the elements 
Ml,..., Mj form a basis of Ei. Let Qi = Wr( mi, ..., Mj_i, Wj+i) / Ei. 

Lemma 1.5. Wr( yi, Qi) = Ti yi_i yi+i for i = 1,..., N. 

Proof. 

K^Wi{y,,Qf) = Wi{K,y,, KiQf) = Wr( Wr(m,..., m,), Wr(m,..., m,_i,Mi+i)) . 
By Lemma A.4 in jMVj . the above quantity equals 

Wr(Mi,...,Mi_i)Wr(Mi,...,Mi+i) = Ki_iyi_iKi+iyi+i = Tiyiyi+iKfi . 

Finally, divide both sides by Kf. □ 

By Lemma IT~H1 any multiple root of yi is a root of either Ti, yi-i, or yi+i. Clearly we 
have 

(5) The polynomial yi has no multiple roots. 

( 7 ) There exist G C[a;] such that Wi{yi,yi) = T* ?/i_i namely, yi = Qi. 

We translate condition ( 7 ) into equations by using the following 
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Lemma 1.6. Let y G C[x] he a polynomial with no multiple roots and T G C[x] any 
polynomial. Then equation Wr( y,y) = T has a solution y G C[x] if and only if y divides 
Wr(2/',T). 

This lemma follows from Lemma IXtI below with ^4 = C. 

Consider the space 

N 

= n '“(Ci.w) 

i=l 

where It is given by (Q. 

Let R° be the open snbset of R formed by the tnples {yi,..., y^) satisfying conditions 
(a) — (5). Let A be the snbset of R° defined by the condition 

(1.4) yi divides Wi^y-, Ryi^iyi+i) for i = l,...,N . 

Using the monicity of yi and long division, we can write the divisibility condition as a 
system of equations in the coefficients of yi, yi-i, and yi+i- Hence .4 is a closed subscheme 
of R°. 

Consider the morphism 

0 : Ff ^ R° , {V,E.) ^ {yu...,yN) = (Wr(Ei)/iFi,..., Wr(Ejv)/i^v) • 

For X G Fl°, condition {t]) holds and by Lemma fA.il 0 induces a morphism of schemes 
0 : FF ^ A. 

Theorem 1.7. The morphism 0 : FF ^ A is an isomorphism of schemes. 

It is proved in |MVj that 0 is a bijection of sets. In Section |21 we will extend the 
argument of |MVj to prove Theorem 11.71 

The following corollaries of Theorem 11.71 use the notion of the geometric multiplicity 
of an irreducible scheme. This notion, as well as its relation to intersection theory is 
reviewed in the appendix. 

Corollary 1.8. Let x G H. Let m{x) be the length of the local ring of H at x. Let 
C be the irreducible component of A which, as a point set, is 0(7r“^(x) fl FF), see the 
Cartesian square Then, the geometric multiplicity of C equals m{x). In particular, 

the geometric multiplicity of C equals the geometric multiplicity of Ll at x. 

Proof. Let be the component of H containing x. As a set, Ha, is just the point x. 
Consider the irreducible component X of FF containing 7r“^(x), 

(1.5) X--Fl--F1(V) 

Ha,--H 


Gr(Ar + 1,1U) 
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Since vr is a locally trivial fiber bundle, the morphism X —is a hber bundle with 
smooth hber for the Zariski topology on the scheme . The multiplicity of X is the 
same as the multiplicity of its dense subset X fl Fl°. The corollary now follows from the 
theorem and Proposition IA.8I □ 


Corollary 1.9. We have an equality of cohomology classes in H*{Gy{N + 1, W)), 

n 

[f^a(oo)(^(oo))] ■ [f^a(^«)(^(^s))] = c [ class of a point ] 

s=l 

where c is the sum of the geometric multiplicities of irreducible components of A. 

1.4. Critical point equations. Consider the space R = with coordinates 

where i = j = l,...,/j. The product of symmetric groups 

S = X • ■ ■ X acts on R by permuting coordinates with the same upper index. 
Dehne a map 

T : R ^ R , ^ (?/i,...,j/jv) , 

where j/j = 11^=1 ~ ■ Dehne the scheme A by the condition A = r“^(Xl). The 

natural map Xl —Xl is hnite and etale. The scheme Xl is S-invariant. The scheme Xl 
lies in the S-invariant subspace R° of all with the following properties for every i: 

• The numbers t^f\ ..., t\^J are distinct; 

• The sets ..., tf^} and ..., do not intersect; 

• The sets ..., t[^^} and {zi ,..., Zn} do not intersect. 

Lemma 1.10. 

• The connected components of A and A are irreducible. 

• The reduced schemes underlying A and A are smooth. 

• If C is a connected component of A, then the group S acts transitively on the 
connected components ofV~^{C). 


Proof. By Theorem 11.71 Xl is isomorphic to Fl°. The reduced scheme underlying Fl° is 
smooth. Therefore the reduced scheme underlying Xl is smooth. Since F is etale, we 
deduce that the reduced scheme underlying Xl is also smooth. 

The smoothness conclusions immediately imply the irreducibility of connected com¬ 
ponents of Xl and Xl. 

The transitivity assertion follows from the fact that F is a Galois covering with Galois 
group S. □ 


Gonsider on R° the regular rational function 



N h 


N—1 li li+l 


N 


nifLcf)-'nniFf-xb-'n n 


(b 


i=l j=l 


i=l j=l k=l 


i=l l<j<k<li 
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This S-invariant function is called the master function associated with the basic situation. 
Define the scheme A' as the subscheme in R° of critical points of the master function. 


Lemma 1.11. The sub schemes A and A' of R° coincide. 


Proof. The subscheme A is dehned by divisibility conditions (Q. By T^emma (A.41 the 
divisibility condition (D for a hxed i, reduces to the critical point equations for the 
function 


j=l j=l k=l j=l k=l 




2 


of variables , tf^. Then the system of divisibility conditions (O for all i together 

is just the critical scheme of <h. This concludes the proof. □ 


Let {V,E,) G Fl°. Denote y = Q{V,E,) G A. Pick a point t G r“^(y). Let C be the 
unique irreducible component of A containing y and C the unique irreducible component 
of A containing t. 


Theorem 1.12. The geometric multiplicity of the scheme Vt atV equals the geometric 
multiplicity of C. 

Proof. The morphism C ^ C is, etale. By Proposition IA.81 the geometric multiplicity of 
C coincides with that of C. Now the theorem follows from Corollary 11.81 □ 

The group E acts on the set of connected components of A. For an orbit of this action, 
define its geometric multiplicity to be the geometric multiplicity of any member of the 
orbit. 


Corollary 1.13. We have an equality of cohomology classes in H*{Gy{N + 1, W)), 

n 

[fia(oo)(^(oo))] ■ JJ [f^a(^,)(J^(^s))] = c [ class of a point ] 

s=l 

where c is the number of orbits for the action of S on the connected components of A 
counted with geometric multiplicity. 


2. Proof of Theorem 11.71 

2.1. Admissible modules. Let (A, m) be a local ring with residue field C. A submodule 
V C A[x] is said to be an admissible submodule of rank A + 1, if 

• The submodule V C A[a:] is a free A-module of rank A + 1; 

• The morphism V (8) A/m —(A/m) [a:] = C[a:] is injective. 

An admissible submodule V C A[x] is said to have the ramification sequence a( 2 ;) = 
(oi,..., OAr+i) at z ^ C if V has an A-basis 
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with fi{z) e A* for i = + 1. 

An admissible submodule V C A[x] is said to have the ramification sequence a(cx)) = 
(ui,..., uat+i) at oo ii V has an A-basis /i, / 2 , ..., fn+i with monic fi and deg fi = 
d — {N + 1) + i — Oi for i = 1,..., N + 1. 

Remark 2.1. Admissible modules V C A[a;] of rank + 1 are in one-to-one correspon¬ 
dence with morphisms Spec(A) ^ Gr(iV -|- l,C[a;]). Intuitively, if A = C[[f]], this is a 
formal holomorphic map of a 1—disc into Gr(iV -|- 1, C[a;]). 

An admissible submodule V C A[a;] may not have a ramihcation sequence at a given 
^ G C U {cxd}. This corresponds intuitively, to the case when the formal map considered 
above does not remain in a Schubert cell. If V has a ramihcation sequence at then 
the ramihcation sequence is unique (equal to the ramihcation sequence of the subspace 

V ® (A/m) C C[a;] at z). 

For / G A[x], we denote by / the corresponding polynomial in (A/m)[x] = C[a:]. 

The following standard lemma is proved in Section IA.2I 

Lemma 2.2. Let A be a local ring with residue field C and V C A[x] a submodule. Then 
the following statements are equivalent. 

(1) The submodule V is admissible. 

(2) The submodule V is a finitely generated A-module, and there is an A-module 
decomposition A[x\ = V ® M for some A-module M. 

(3) For some k, there exist ui,... ,Uk G V such that V is the A-span of ui,... ,Uk 
and the elements ui,... ,Uk E C[a;] are linearly independent over C. 

Lemma 2.3. Let A be a local ring with residue field C and V C A[x\ an admissible 
submodule of rank -|- 1. Let ui,... ,un+i be a basis of V as an A-module. Suppose 

V G A[x] satisfies the equation Wr(Mi,... .un+i^v) = 0. Then n G G. 

Lemma (2.31 is proved in Section ESI 

2.2. Proof of Theorem 11.71 Our hrst objective will be to show that 0 : FF —> R° is 
a closed embedding of schemes. Our second objective will be to show that Fl° —> A is 
an isomorphism of schemes. 

Glearly the morphism 0 : FF ^ R° extends to a morphism of projective schemes 
0 ; FI ^ R and FF = 0“^(i?°). The morphism 0 is closed as a morphism of projective 
schemes. 

We achieve the hrst objective by showing that 0 is an embedding. By Lemma fA.91 it 
will be enough to show that for every local ring A over C, the morphism F1(A) —> R{A) 
is an injective map of sets. 

To achieve the second objective, by Lemma lA.lOl it will be enough to show that for 
any local ring A over C, the induced map FF(A) —> A(A) is a set theoretic surjection. 

To use these criteria, we need to dehne the sets F1(A), FF(A), R{A), and A(A) more 
explicitly. 

By Proposition lA.lll the set F1(A) is the set of pairs (y,E,), such that 






CRITICAL POINTS AND SCHUBERT CALCULUS 


11 


• C 74[x] is an admissible submodule of rank iV + 1; 

• E. = {El C £'2 C ■ ■ ■ C Ejq+i = 1/) is a filtration by admissible submodules; 

• V has the ramification sequence (ai(z),..., aAr+i(z)) at each z G { 2 : 1 ,..., Zn, cxd}. 
The subset Fr(74) is the set of (Id, E.) G Fl(74) such that the induced point in F1(C) is 
a point of Fl°. 

The set E(A) is the set 

N 

{{yi,---,yN)e | yi^o, i = 

i=l 

modulo the equivalence relation ( 1 / 1 ,... ,?/Ar) ~ (^ 1 ,... ,yN) if there exist ai G A* such 
that Qiyi = for i = 1,..., N. 

The subset A{A) consists of elements (?/i,... ^y^) G R{A) such that 

• For i = 1,..., iV, condition (p) holds. By Lemma lA.ll this implies that the 
polynomial yi divides Wr(i/', i/i_i 1 /^+ 1 ). Here y^ = yN+i = 1- 

• The reduction (^ 1 ,..., yp^) G i?(C) is a point of R°. 

Lemma 2.4. The morphism Q \ F\ ^ R is a closed embedding of schemes. 

Proof. We need to show that 0 ; F1(H) — R{A) is a set theoretic injection for any local 
ring A. 

Suppose (V, E,) and (W, E{) are two points of F1(H) with 0(V, E,) = 0(W, E{). Pick 
bases (mi, ... ,MAr+i) and (ti, ... ,TAr+i) for V and V' respectively so that for all i, the 
admissible submodule Ei is the H-span of ui,... ,Ui and the admissible submodule El is 
the H-span of Vi,... ,Vi. 

The hypothesis implies that Wr( ui,..., Ui) = q Wr( ui,..., vf) with q G A*. Clearly 
El = Ef Assume by induction that Ei = E[. Then 

Wr(ni,... ,ni+i) = c Wr( mi, ...,Mj,Ui+i) = c' Wr( mi, ...,m*, Wj+i) 

for c, c' G A*. Therefore 

Wr( Ml,, Ui, cvi+i - c'wi+i) = 0 . 

Lemma ESI implies CMj+i — c'wj+i G Ei and hence Ei^i = □ 

We need to show that for any local ring A over C, the induced map F1°(A) —> A{A) 
is a set theoretic surjection. But this claim on surjectivity follows from the following 
theorem on the existence of solutions to Wronskian equations. 

Let To, Ti, ..., T/v G C[x] C A[x\ be non-zero polynomials. Let S' C C be the union 
of their zero sets. Set Ki = Tq ■ ■ ■ Tj_i for i = 1,..., A^ -f 1. 

Let yi, ■ ■ ■ ,yN ^ A[x] be monic polynomials of arbitrary degree. Set yo = yN+i = 1- 
For z G S and i = 1,..., A^ -1-1, dehne 

i—1 i—\ 

ei{z) = i - 1 + ^ ord^ Tj , d = i - 1 + deg yi - deg yi-i + ^ deg Tj . 

j=0 j=0 
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Theorem 2.5. Under these conditions assume that for all i 

• The polynomial yi G C[x] has no multiple roots, no roots in S, and is coprime to 
Vi+i; 

• The polynomial y^ divides Wr(i/', Tii/j_ii/j+i). 

Then, there exist ui,... ,un+i G A[x] with the following properties. Set Ei to be the 
A-span of Ui, ..., Ui for i = 1,..., + 1 and set V = -EAf+i- Then for all i 

(1) Wr(Mi, = KiPi; 

(2) Ei C A[x\ is admissible; 

(3) Ei has ramification sequences at each z G S'U{cx)}. The set of exponents at z E S 
is {ei{z),..., efiz)}. The set of exponents at oo is {ci,..., q}. 

Theorem 12.51 is proved in Section 12.41 

Let {yi,... , 1 /Ar) G A{A). Apply Theorem 12.51 and obtain a point (y,E,). It is easy 
to see that {V,E.) G Fr(A) and Q{V,E.) = {yi,... ,yN)- The proof of Theorem 11.71 is 
complete. 

2.3. Proof of Lemma ms Let m C A be the maximal ideal. Let ui,... ,un+i G V 

be a basis, Ui = with a\ G A. 

If necessary changing the basis, we may assume the basis has the following property. 
There exist nonnegative integers ki > ■ ■ ■ > /cat+i such that 

= 0 for j 7 ^ i ; a\. E A — m ; a* G m for j > a\. . 

Let V = t)e a nonzero polynomial such that Wr( mi, ..., mat+i, v) = 0. We may 

assume that hk^ = 0 for all i. We shall prove that this leads to contradiction. 

Recall that for any nonzero a E A, there is a unique r such that a G see 

Krull’s intersection theorem ( [^, Theorem 8.10). 

Let r be the smallest number such that some bi is in and p the largest 

index such that bp E Clearly p ^ {fci,..., fcAf+i}- The polynomial 

Wr( Ml,..., MAf+i 5 v) is nonzero since in its decomposition into monomials, the coefficient 
of the monomial Wr( ..., x^^+^,x^) belongs to 

2.4. Proof of Theorem 12.51 The proof follows [MVj . Call a tuple (j/i,..., yjsf) fertile 
if it satisfies the conditions of Theorem EB 

For i = 1,..., N, define the process of reproduction in the Tth direction. Namely, find 
a solution iji E A[x] to the equation Wr( yi, yf) = Ti |/j+i yi-i. If iji is a solution, then for 
c E A, the polynomial fji + cpi is a solution too. Add to fji the term cyi if necessary, and 
obtain a monic iji such that its reduction modulo the maximal ideal does not have roots 
in S, does not have multiple roots, and has no common roots with reductions of yi-i or 
yi+i. The transformation from the tuple {yi,...,yn) to ( 2 / 1 ,..., yi-i, Vi, yi+i, • • •, l/v) is 
the process of reproduction in the Tth direction. 

Claim: The tuple {yi,... ,yi,..., yjsi) is fertile. 
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( 2 . 1 ) 


To prove the claim it is enough to show that 
• 1) Vi-i divides Wr( Ti_i i/j _2 y,) 


and 


( 2 . 2 ) 


K+i divides Wr( Tj+i !/j +.2 k) . 


We prove (EH). Statement (EH is proved similarly. 

Clearly, i/i_i divides Wr(i/i, yi). By assumption, i/j_i divides Wr(i/'_i, Ti_i i/i _2 y*). 
By Jacobi’s rule. 



Hence yi-i divid es Wr(i/._^, Ti_i i/i_ 21 /*) yi. By assumption, the ideal {yi-i,yi ) = C[a;]. 
By Lemma IA.31 this implies that the ideal = A[x\. Now use Lemma lA.51 to see 

that i/j_i divides Wr(i/'_i, Tj_i i/j _2 ^j). This proves (I2.1|l and the claim. 

To construct the polynomials Ui, ..., mat+i we do the following. We set Ui = Kiyi. 
To construct the polynomial Uj+i, for i = 1,..., iV, we perform the simple reproduction 
procedure in the Tth direction and obtain the tuple {yi,... ,yi,..., y^). Next we perform 
for {yi,... ,yi,..., y^) the simple reproduction procedure in the direction of i — 1 and 
obtain {yi ,..., yi-i, fji, ■ ■ ■, i/v)- We repeat this procedure all the way until the simple 
reproduction procedure in the 1st direction and obtain (^i,..., iji-i, iji, ■ ■ ■, yN)- We set 

Ui+i = Kiyi. 

Claim: We haveWi{ui,... ,Ui) = Kiyi for i = 2,... ,N+ 1. 

We prove the claim by induction. Let (|/i,..., ...,?/a?) be the tuple obtained by the 

simple reproduction in the Tth direction. Apply induction to the tuple (|/i ,... ,yi,..., y^) 
to obtain Wr( ui,..., Uj-i, Wj+i) = iC* yi- Induction applied to the tuple {yi,... ,yi,..., yjy) 
gives Wr( mi, ..., Uj-i, Ui) = Ki yi. Now 

Wr( Ml,..., Ui+i) Wr( Ml,..., Mi_i) = Wr( Wr( Mi,..., Mi_i, m*), Wr( Mi,..., Mi_i, M^+i)) 


Wr(A'i?/i, Kiyi) = K^ Ti yi^ yi+i . 


By induction we also have Wr(Mi,... ,Mj_i) = Ki_iyi_i and Tj = Ki+iKi_i/Kf. The 
above equation rearranges to Wr( mi, ..., Mj+i) iLj_i |/i_i = ATj+i iLj_i ?/j_i i/j+i, which 
gives the desired equality Wr(Mi,..., Mj+i) = ATj+i yi+i. 

Return to the proof of Theorem 12.51 Let Ei be the A-span of Mi,...,Mi. Then 
Wr( Ml,..., Ui) = Kiyi = Ki yi ^ 0. By part (3) of Lemma the submodule Ei C A[x] 
is admissible. This proves (1) and (2) of the theorem. 

Now we will calculate the exponents of Ei at z E S. The exponents of Ei at oo are 
calculated similarly. 
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By induction assume that the set of exponents of Ei at 2 ; is { 61 ( 2 :),... ,ei{z)}. That 
means that has an A-basis Vi,... ,Vi such that Vj = {x — aj with aj{z) E A* 

for all j. Hence Wr( Ei) is of the form {x — z)^ a with 

^ ^ ee{z) - , a(^) e . 

£=1 

We have b = ord^ Ki since Wr( Ei) = Kii/i. 

Let Tj+i E -Ej+i be such that Ui,... ,Vi,Vi+i is an H-basis of -Ej+i- We may assume 
that Vi+i = J2i=o ~ with coefficients C£ equal to zero for i E { 61 ( 2 ;),..., ei{z)}. 
Let p be the smallest integer with Cp Y 0- If is easy to see that the Wronskian of -Ej+i 
equals [x — zY^^~'^h where h{z) is Cp up to multiplication by an element in A*. From 
equation Wr( -Fj+i) = iLj+i Pi+i we deduce that Wr( -Fj+i) is of the form (x — 2 :)”*^"' ^‘+1 g 
with g{z) E A*. Hence b + p — i = ord^ iFj+i, p = 64 + 1 ( 2 :), and Cp E A*. 

This reason shows that 64 + 1 ( 2 :) does not belong to the set { 61 ( 2 :),..., 64 ( 2 :)}. Thus F^j+i 
has a ramihcation sequence at 2 : and the set of exponents at 2 : is { 61 ( 2 :),..., 64 ( 2 :), 64 + 1 ( 2 :)}. 
The induction step is complete. 

3. Schubert cells and critical points 

Let Siv+i be the permutation group of the set {1,..., iV+ 1} and w E S^v+i. Assume 
that a basic situation of Section 11.31 is given. In Section II.3L we dehned a flag bundle 
FI over H. We also observed that V E fl has n + 1 distinguished complete flags on V 
induced from the complete flags E{zi),... ,E{zn) and JF(cxo) of W. 

Let {ci > ■ ■ ■ > cat+i} be the set {d — {N + 1) + j — aj{oo) | j = 1,..., + 1} of 

exponents of H at cxo. 

We dehne a subset Fl° C FI as follows. Let be the subset of FI formed by points 
{V,E,) such that 

• E, E F1(I/) lies in the intersection of n open Schubert cells corresponding re¬ 
spectively to the n distinguished complete flags on V induced from the flags 
E{zi),... ,E{zn). This condition on E, is equivalent to the statement that for 
z = 1,..., -f 1 and 2 ; E {zi ,..., 2 : 44 }, the subspace Ei has ramihcation sequence 

(av+i-j+i( 2 :),..., aAr+i( 2 :)). 

• E, E F1(I/) lies in the Schubert cell, corresponding to the permutation w and the 
distinguished complete hag on V induced from the hag E{oo). This condition 
on E, is equivalent to the statement that the set of exponents of Ei at cxo is 

{^ 44 ,( 1 ), . . . , 644,(4)}. 

We dehne Fl° C Uw as the subset of points (V, E,) such that for all i, the subspaces 
Ei C C[a:] and F^j+i C C[a:] do not have common ramihcation points in C — {zi ,..., Zn}- 
Notice that the subset Fl° may be empty if w is not the identity element in Sjv+i. 

Lemma 3.1. The morphism FI" —>■ 12 zs smooth. 
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Proof. Let be the subset of FI formed by points (fd, E.) such that E. lies in the Schubert 
cell corresponding to the permutation w and the distinguished flag on V induced from 
jF(cx)). It is easy to see that is an open subset of ff and therefore it suffices to show 
that iT” —is smooth. 

Denote by Va(oo) fhe pull back of V to f^a{oo)(‘^(®°)) Gr(iV + l,hF). There is a 

distinguished section of Fl(Va{oo)) —^ ^a(oo)(-^('^))’ Section im Let C 

FlC'^a{oo)) be the part corresponding to w in the partition of Fl(Va(oo)) info Schubert cells 
associated to this distinguished section. 

There is a fiber square 

p 

' ’ 

D --^a(oo)(-^(oo)) 

The morphism p is clearly smooth. The morphism JL —> D is the base change of a smooth 
morphism and hence it is smooth too. □ 

Let {V,E,) G Fl°. For i = 1,... ,iV + 1, the polynomial Wr^Ef) is divisible by Ki 
and has degree Yl]=i ^w{j) — — l)/ 2 . Introduce the polynomial pi by the condition 

Wr(F;,) = KiV,. 

{a)w If If is the degree of pi, then If = ^w(j) ~ *(*+l)/2 — deg Ki. In particular, 

Pn +1 is of degree 0. 

(/d)^ The polynomial Pi has no roots in the set {zi ,..., Zn}. 

( 7 )^ The polynomials Pi and i/j+i have no common roots. 

{5)w The polynomial Pi has no multiple roots. 

( 7 )^ There exist Pi e C[a;] such that Wi{pi,pi) = TiPi_iPi+i. 

Consider the space 

N 

Ru. = n '•(CcM) 

i=l 

where If is given by property (a)i„. 

Let Rf be the open subset of Rw formed by the tuples {pi,... ,pn) satisfying conditions 
{a)w — {6)w Let Aw be the subset of R° defined by the condition 

(3.1) Pi divides Wr(r/', TiPi_iPi+i) for z = 1,..., iV , 

Using the monicity of Pi and long division, we can write the divisibility condition as 
a system of equations in the coefficients of Pi, Pi-i, and Pi+i. Hence Aw is a closed 
subscheme of , 

Consider the morphism 

0^ : Fl° ^ Rl, (U,E.) ^ (l/i,..., 2 /v) = (Wr( • • •, Wr( . 
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For X G Fl° , condition {r])^ holds and by Lemma fO)l 0 induces a morphism of schemes 
0 : Fl“ ^ X. 

Theorem 3.2. The morphism : Fl° ^ Aw is an isomorphism of schemes. 

The proof of Theorem 13.21 is similar to that of Theorem II .71 Notice that in Theorem 12.51 
no assumptions were made on the degrees of i/i,..., hn- 


Consider the space Rw = with coordinates where i = 1,..., A^, j = 

1,..., The product of symmetric groups S"' = S;™ x ■ ■ ■ x acts on R by permuting 
coordinates with the same upper index. Dehne a map 

F : Rw ^ R , ^ {yi,...,yN), 

_ iw ~ ~ 

where yi = Uj=i ) . Dehne the scheme Aw by the condition Aw = F 

The natural map Aw —.4 is hnite and etale. The scheme Aw is S"'-invariant. The 
scheme Aw lies in the E"'-invariant subspace R° of all with the following properties 
for every i\ 

• The numbers tfj are distinct; 

• The sets {ti \ ..., } and ..., not intersect; 

• The sets ..., and {zi ,..., Zn} do not intersect. 

The following lemma is proved in the same manner as Tvemma fl .1 01 


Lemma 3.3. 

• The connected components of Aw and Aw are irreducible. 

• The reduced schemes underlying Aw and Aw are smooth. 

• If C is a connected component of Aw, then the group S’" acts transitively on the 
connected components ofT~^{C). 

Consider on R^ the regular rational function 



N 17 


J.J , ]w /m 

N—1 l-i L+i 


N 


nn r.(T)-‘ nnn (T-tl-* n n 


(i) hbN2 




i=lj=l 


i=l j=l k=l 


*=i i<i<fe<^“ 


This S’^-invariant function is called the master function associated with the basic situation 
and the permutation w G Sat+i. 

Dehne the scheme A!^ as the subscheme in R° of critical points of the master function. 
The following is a generalization of Lemma 11 .1 II and is proved in an identical fashion. 

Lemma 3.4. The subschemes Aw and A'^ of R° coincide. 

Let {V,E,) G Fl°. Denote y = Q{V,E,) G Aw- Pick a point t G F“^(y). Let C 
be the unique irreducible component of Aw containing y and C the unique irreducible 
component of Aw containing t. The following is a generalization of Theorem 11.121 with 
a similar proof. 
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Theorem 3.5. The geometric multiplicity of the scheme Vt at V equals the geometric 
multiplicity of C. 

Example: Let N = 1, n = 3, zi = 1, Z 2 = to, Z 3 = u? where to = e^. Let d = 3, 
a(l) = a(u;) = a(a;^) = a(cx)) = (1,0). Let w be the transposition (12) in 

It is easy to see that Ti{x) = — 1, If = 1, and <h(t) = Ti{t)~^. The critical scheme 

of $ is {t I = 0}, namely Spec(C[t]/(t^)). In other words, the master function has 
one critical point at t = 0 of multiplicity 2. 

The polynomial yi associated to the critical point is the polynomial x. The equation 
Wr(?/i, yi) = Ti has solutions ?7i = 1 + x^/2 — cx with c G C. The associated two 
dimensional space of polynomials V is the C-span of x and x^ + 2. The ramihcation 
points of V are 1, to, u?, 00 with ramihcation sequences all equal to (1, 0). 

Counted with multiplicity there are two points of hi. The associated cohomology prod¬ 
uct is the 4th power of the hyperplane class in Gr(2,4) which is 2 points. It follows from 
Theorem 13.21 that hi is set-theoretically exactly one point V counted with multiplicity 2. 

It is easy to see that V admits a hrst order deformation in hi. The deformation is 
given by the C-span of a; -f e and x^ + 2 — 3e x^ over C[e]/ (e^). Indeed we have 

TTT 3ex‘^\ o ^ ,2 

Wr(x-|-e, —1— —-\ - —j = X —1 mode . 


4. Critical points of master functions 


Let li,... ,In be nonnegative integers and zi,... ,Zn distinct complex numbers. For 
s = 1,..., n, £x nonnegative integers 777^(1),..., ms{N). Define polynomials Ti,..., T/v 
by the formula Ti = 11^=1 ~ The master function $ associated to this data 

is the rational function 

N li N-l k k+i N 



nnn(‘f-cv n n (* 


« Ai)~s2 


tt>y 


i=l j=l i=l j=l k=l i=l l<j<k<li 

of h + ■ ■ ■ + In variables ..., ..., t^^\ ..., considered on the set of points 

where 


• The numbers ti\..., t^f^ are distinct; 

• The sets ..., t^f^} and • • •; 4*4^4 not intersect; 

• The sets {ti \ ..., 4*4 and {zi ,..., Zn} do not intersect. 

Let lo = In+i = 0. Dehne q = z-1 -1- h-h-i + ZlLi ^s{j) for i = 1,..., 


Lemma 4.1. If either q < 0 for some i = 1,..., N + 1 or Ci = Cj for some 1 < i < 
j < -|- 1, then $ has no critical points. 


Proof. Let (4*4 be a critical point of <F. Set yi = HjCi (^~4*4 for i = 1,..., A^. Then 
Pi divides Wr(|/', Tj 7/j_i |/j+i), where as usual we set t/w+i = l/o = 1- 
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We have Cj = i — l + deg yt — deg ?/j_i + '^j- By part (3) of Theorem 12.51 

Cl,, cat+i are pairwise distinct non-negative numbers. □ 

Assume Ci,..., cjv+i are pairwise distinct nonnegative integers. Let u G Sat+i be the 
permutation such that Cu(i) > c„( 2 ) > ... > Cu(n+i)- Let d = max{ci,..., cat+i}. 

For G {zi ,..., Zn} dehne the ramihcation sequence a(^) by the rule 

N 

= ^mN+i-eiz), j = 1 . 

i=j 

Dehne the ramihcation sequence a(cx)) at cx) by the rule 

aj(cx)) = d - {N + 1) +j - Cu(j) , j = 1 ,...,N + l . 

Proposition 4.2. The master function $ of this section is the same as the master func¬ 
tion of the basic situation of Section\^ associated with the space W = Cd[x], ramification 
sequences a( 2 ;i), ..., a( 2 ;„), a(cx)), and the permutation u~^ in Sat+i. □ 

Appendix A. 


A.l. Equation Wr(|/, y) = T. 

Lemma A.l. Let A be an algebra over C. Let y,T & A[x\ . 

(1) If the equation WY{y,y) = T has a solution y G A[x] then y divides Wr(i/', T). 

(2) If the ideal {y,y') = A[x\ and y divides Wr^y', T), then the equation WT{y,y) = 
T has a solution y & A[x\. 

Proof If T = WT{y,y), then Wr(i/', Wr(?/, ji)) = y" {y'y - yy') - y' iy”y - yy") = 
y iy' y" ~ y" y')i ^md y divides Wr(?/',T). 

For the other direction, write T = ay + by' for suitable polynomials a, b. Then 
T = {a -I b') y -I Wr{y,b). We have Wr(i/', T) = WT{y',y{a b')) Wr(y', Wr(i/, 6)). 
The last term is divisible by y. If y divides Wr(i/', T), then y divides Wr(i/', y{a-\-b')). 
This implies that y divides {y'fiia b'). Writing cy' = 1 — dy for suitable polyno¬ 
mials c and d, we deduce that y divides (a -|- h'). Thus, i/(a -|- h') = y'^e for a suitable 
polynomial e. Let / be a polynomial whose derivative is —e. Then Wr( 1, /) = e, and 
Wr(i/,i//) = i/(a -I- 6'). Finally, Wr(i/, 1 // -I- 6) = i/(a -I- 6') -I- Wr(i/, 6) = T. □ 

Lemma A.2. Suppose y,f& A[x] and y is monic. 

(1) There exist unique q,r E A[x] such that f = y q + r and deg r < deg y. 

(2) Suppose that y = YYjLii^~l- j),tj G A and tj — t^ are units in A for j k. Then 
the ideal in A generated by coefficients of the polynomial r in ( 1 ), coincides with 
the ideal in A generated by /(ti),..., /(tm)- 

Proof. Existence and uniqueness of q and r follows from the monicity of y and long 
division. 


CRITICAL POINTS AND SCHUBERT CALCULUS 


19 


For the second part, write f(tj) = + • • • + lq. From Cramer’s rule and 

the formula for the Vandermonde determinant we deduce that the coefficients of r he in 
the ideal generated by /(ti),..., fitm)- □ 

Lemma A.3. Let (A,m) he a local ring and yi,y 2 G A[x] with yi monic. Suppose that 
the ideal generated by the reductions (i/i,|/ 2 ) = {.Alm)[x\. Then the ideal (i/i, 1 / 2 ) eguals 
A[x]. 

Proof. The A-module A[x]/(i/i) is a hnite A-module because yi is monic. The quotient 
M = A[x]/( 1 / 1 , 1 / 2 ) of A[x\ by the ideal ( 1 / 1 , 1 / 2 ) is therefore a hnite A-module. Now, 
M (g) A/m = (A/m)[a:] / (^ 1 , 1 / 2 ) = 0 by hypothesis. By Nakayama’s Lemma ( [M] . 
Theorem 4.8), we conclude that M = 0. □ 

Lemma A.4. Let A he an algebra, y = njLi ~ ^ ^ ^ ^ = 

niLi — zi) G A[x] with zi & A. Then 

(1) The ideal {y, y') = A[a;] if and only if ti — tj are units in A for all i < j■ 

(2) The ideal (T, y) = A[a;] if and only if tj — zi are units in A for all j, 1. 

(3) Assume that the ideals {y, y') = A[a;] and (T, y) = A[a;]. Then, y divides 
Wr( y', T) if and only if the following system of eguations holds: 


(A.l) 


E 


ij d t] 


1=1 ^ 


Zl 


= 0 , j = . 


Notice that the system of equations (mi) coincides with the critical point equations 
for the function 


4>(ti,...,f™) = jj iu-tjf ^ = n ^ 

l<2<j'<m j=l 1=1 j=l 

of variables ti,... ,tm- 

Proof. If the ideal {y,y') = A[a;], write 1 = ay + hy' and substitute x = ti to conclude 
that ti — tj is invertible for i ^ j. 

For the other direction, let M = A[x]/{y,y'). Clearly, M/mM = {A/m)[x]/{y,y') = 0, 
which is guaranteed by the assumption and the standard theory of helds. Since y is 
monic, by Lemma mi M = 0 . The assertion (2) is proved similarly. 

It is easy to see that (3) follows from Lemma fA.2l and Lemma fA.il □ 

Lemma A. 5. For yi,y 2 ,T G A[x\, assume that the ideal ( 1 / 1 , 1 / 2 ) = A[x\ and yi divides 
1/2 T. Then yi divides T. 


Proof. Write 1 = ayi + by 2 . Hence T = aTyi + bTy 2 . The last two terms are divisible 
by yi. Hence yi divides T. □ 
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A.2. Proof of Lemma The implication (1) ^ (3) is immediate. 

If (2) holds , then V is hnitely generated module which is a direct summand of a free 
module. This implies that it is free (being a direct summand implies that it is projective 
and projective modules over local rings are free). The morphism V (8) A/m —>■ C[a:] is 
a direct summand of the isomorphism A[x\ 0 A/m —>■ C[a:] and hence is injective. This 
gives (1). 

We prove (1) and (2) assuming (3). Pick a large integer d so that V C ^^[ 2 ;]. 
By assumption we can hnd Ui,... ,Vd+i-k G Aj/x] such that the collection hi,... ,Uk, 
hi, ..., Vd+i-k form a basis for the C-vector space Crf[x]. This implies that the change 
of basis matrix from the standard basis of Ad[x\ to ui,... ,Uk,Vi,... ,Vd+i-k has the 
determinant that does not vanish upon reduction to the residue held. Therefore, the de¬ 
terminant is a unit in A. Hence ui,... ,Uk,vi, ..., Vd+i-k form a free basis in Arf[a;]. This 
proves (1) and (2), where for (2) we let M = span^(ui,... ,Vd+i-k) © x'^^^A[x\ C A[x\. 

A.3. Multiplicity. We will recall the algebro-geometric dehnitions of multiplicity from 
[F] . Section 1.5. In this section we will need to consider local rings whose residue held 
may be diherent from C. 

Let X be an irreducible algebraic scheme. The geometric multiplicity of W, denoted 
by m(X), is the length of the local ring of X at its generic point. Explicitly, if Spec(A) 
is an affine open subset of X, then A has exactly one minimal prime ideal. Denote it 
by p. The localisation Ap is an Artin ring and is therefore of hnite length. The integer 
m{X) is the length of Ap. A more practical way of computing m(X) is obtained from 
Proposition US 

Example: Consider the geometric multiplicity of the “doubled line” 

Spec(C[a;,j/]/(a;^)). This has exactly one minimal prime ideal, namely (x). The lo¬ 
calisation at this minimal prime ideal is the ring C(j/)[x]/(x^), which is of length 2. 

Now, we will discuss properties of geometric multiplicity, linking it to “multiplicity in 
the transversal direction”. The hrst property is (see [F], Example A. 1.1): 

Proposition A.6. If X is an irreducible dimensional scheme (i.e a fat point), then 
m(X) is the dimension over C of the ring of functions ofX, 

m(X) = dime T{X,Ox) • 

In general, if X is an irreducible scheme, then X is reduced if and only if its geometric 
multiplicity is 1. 

The following proposition follows from Lemma 1.7.2 in |F] . 

Proposition A. 7. Suppose that X is an irreducible subscheme o/C”. Let X^ed be the 
reduced subscheme corresponding to X. The subscheme X^ed can be considered to be a 
closed subscheme of X. Let U be the smooth locus of X^ed- Let H be a hyperplane in 
C"" which meets U transversally at a point x & U. Let D be the irreducible component of 
X n H which contains x (there is exactly one such irreducible component). Then, 

m(X) = m{D) . 
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Iterating this procedure, we obtain the following statement. Suppose T is a plane in C"" 
of dimension complementary to dim X, which meets U transversally at a point x & U 
(there could be other points of intersection). Then, the multiplicity of X eguals to the 
dimension overC of the localization atx of the algebra of functions on the scheme XnH. 

There is one other standard property of multiplicity that we will need. Recall that a 
smooth morphism between schemes is a flat morphism with smooth fibers. 

Proposition A.8. Let f : X —>■ Y be a smooth morphism between irreducible schemes. 
Then, m{X) = m{Y). 

Proof. We will use the notations and definitions of jPj. Let Xred and Wed be the re¬ 
duced schemes underlying X and Y. Then by definition [X] = m(X)[Xred] and [Y] = 
m(F)[Wed]- The smoothness of / tells us that /“^(Wed) is reduced and hence /“^(Wed) = 
Xred- Clearly f~^{Y) = X. Apply Lemma 1.7.1 in jFj to see that 

f*[Y] = [f~^{Y)]. This gives m(y')[Xred] = m(X)[Xred] and therefore m(X) = m{Y). 

□ 

A.4. Multiplicity in intersection theory. Irreducible subvarieties Xi,...,Xr of a 

smooth variety X are said to intersect properly, provided each irreducible component 
of Xi n ■ ■ ■ n Xr is of dimension dim X — (dim X — dim Xj ). We will use the 

following basic result. 

Denote the smooth locus of Xj by Xf. Suppose that Xi,..., X^ intersect properly in 
a finite set, that is, the expected dimension of the intersection is 0. Suppose that 

Xi n ... n Xr = x° n ... n x; . 

Then we have an equality of cohomology classes in H*{X), 

r 

n ^ [pt] ’ 

i=l 

where c is the sum of the multiplicities of the irreducible components of the scheme 
theoretic intersection Xi ft ■ ■ ■ fl X^ and [pt] the class of a point. 

This statement follows from j^. Proposition 7.1. 

A.5. Standard results in the theory of schemes. For a scheme X and a C-algebra 
A, we let 

X{A) = Hom(Spec(A),X) . 

If A is a local ring, and s G X{A), then we denote the induced point in X(C) = X(A/m) 
by s. If X G X(A/m) is given, we let Xx{A) = {s G X{A) \ s = x}. For s G Xx{A) there 
corresponds a local homomorphism of local rings Ox,x A, where Ox,x is the local ring 
of X at X. 

Lemma A.9. Let f : X ^ Y be a finite morphism of schemes. Then, f is a closed 
immersion if and only if for every local ring A, the induced mapping X (A) —>■ Y (A) is 
injective. 
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Proof, li f : X ^ Y makes X a subscheme of Y, then clearly X{A) —*■ Y (A) is injective. 

To go the other way, let x G X and y = f{x). By taking A = C, we see that 
is the singleton {x}. Denote the local ring of X at x by {Ox,xi'^x) and that of X ai y 
by {OY,y,my). 

Now let A = C[e]/(e^). Consider the induced mapping Xx{A) Xy(yl). This is once 
again injective by hypothesis. It is a basic fact that Xx{A) = Hom(ma;/m^, C) and 
Yy{A) = Hom(my/my, C). Therefore the hypothesis implies that Hom(ma;/m^, C) —> 
Hom(my/m^, C) is injective or that the natural morphism my/rriy mx/m\ is surjective. 
By 0, II.7.4, we conclude that the map Oy^y —>■ Ox,x is surjective. This shows that 
X —> X is a closed inclusion. □ 

Lemma A. 10. Let f : X —>■ Y be a closed immersion of schemes. Then f is an 
isomorphism if and only if f : X(y4) —> Y{A) is surjective for every local ring A. 

Proof. If / is an isomorphism, then X{A) X(A) is clearly bijective for any local ring 

A. 

To go the other way, let x G X and y = /(x). Denote the local ring of X at x by 
{Ox,x)'^x) and that of X at y by {Oy^y^my). 

Suppose that y is in an open affine subset Spec(i?) C X. Let m be the maximal ideal 
of Spec(i?) corresponding to the point y. Then Oy^y is the same as the localization Bm 
of B at m. The natural map B — B^ gives a point rj in Spec(i?)(C)y^j^) C Y{Oy^y). 
Clearly fj = y and therefore rj G Yy{Oy^y). The map of local rings corresponding to rj is 
the identity map Oy^y Oy^y 

By the given hypothesis, there exists 9 G X{Oy^y) such that f{9) = y. The reduction 
of this point is x G X(C) because the reduction has to sit over y eY (C). 

Therefore we obtain a diagram 

ClY,y —^ Ox,x 
e 

Oy^y 

Hence Oy^y Ox,x is both injective and surjective whence an isomorphism. □ 

The following proposition is standard and follows from the description of Schubert 
varieties as degeneracy loci (cf. [F], chapter 14). 

Proposition A. 11. Let A be a local ring and W a C.-vector space of rank d+1. Then, 
Gr(X + 1, W){A) is the set of free submodules V <Z W ^ A of rank X + 1, such that 
X ® A/m ^ IX is injective. 

The subset D°(JF)(A) C Gr(X + 1, IX) (A) consists of submodules V such that there 
exists an A-basis Ui,..., Ud+i o/ IX ® A with the following properties: 

• Fi is the A-span of ui,... ,Ui for i = 1,..., d + 1; 

• V is the A-span of the elements Ud-x+j-aj for j = 1,..., N + 1. 
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